Does a relativistic metric generalization of Newtonian gravity exist in any dimension? by Alonso, J L et al.





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































= 0 ; (2)
that describes the exchange of energy between matter
and gravity. Furthermore, this equation ensures that test
particles move along the geodesics of space-time associ-
ated to the metric g

and thus the equivalence principle
is preserved. In this sense, scalar-tensor theories are met-
ric theories of gravitation.
The equations for the metric tensor and the scalar eld
































































] = 0 ; (3b)
where the prime means derivation with respect to .
For D 6= 2, Eq. (3a) allows to express R as a function of  and its covariant derivatives and the trace of the





































































T = 0 : (4b)
The above equations are particularly simple with the
choice W () = !=, where ! is a constant. In this case






























T ] : (5b)
where  is a function of ! and D:
 =
1 + !
(D   1) + !(D   2)
: (6)


















)), where  is dimension-
less and the constant G appears for dimensional reasons,


































T ] : (7b)
Such parametrisation assumes only that the scalar eld
has a denite sign and, as we shall see, is appropiate to
analyse the existence of the Newtonian limit.



































III. PERTURBATIVE SOLUTION IN
D-DIMENSIONS
If the energy-momentum tensor of matter, T

, van-





and  = 0, where 

is the Minkowski
metric tensor. This solution xes the arbitrariness in the
coordinate system and denition of G. For a weak T

the solution of Eqs. (7) can be obtained perturbatively










































is the energy-momentum tensor of matter in
the absence of gravitation. Imposing Eqs. (7) and the
continuity equation (2) order by order in G leads to a set








. To rst order














































= 0 for (; ) 6= (0; 0) and T
(0)
00
= , where  is











. In this case, for






=  (1   )  ; (11)



















. Remembering that the New-













is the area of the n-dimensional unit sphere [8]
and G
N







(1   ) ; (14)







As expected, we see that G
N
vanishes as ! !1 in D =
3, and it tends to G=16 in D = 4.
Note that the Newtonian limit of the scalar-tensor with
a coupling as given in Eqs. (14) and (15) is compatible
with a variable eective gravitational coupling propor-











is just the rst order term in an expansion of
G
e
in powers of G.
IV. FIELD OF STATIC ISOTROPIC SOURCES
IN D=3
The perturbative expansion is rather formal and it is
interesting to see that it is consistent in the most impor-
tant case of static and isotropic sources. To this end, let
us compute the eld produced by a static and isotropic
source in regions devoid of sources in D = 3. In a suit-

















where  and  are functions of r alone. In vacuum (T

=

























































The elds are singular at the origin and must be pro-
duced by some source extended about (or concentrated
at) the origin. The constant C

is determined by the
source as follows: multiplying Eq. (5a) by
p
g and inte-
grating in drd', and assuming that a static and isotropic

























are proportional to G. Then to
rst order in G we have
e
2















), gives the Newton constant G
N
=
G=[4(2 + !)], the same obtained from eld equations
in presence of matter in the weak eld regime.
Eqs. (7) do not admit solutions with a static point
mass as source [5]. Indeed, they do not admit static and
isotropic solutions with concentrated sources (energy-
momentum tensor that contains Dirac deltas). The rea-
son is that it is not possible to nd solutions , , and  of
the sourceless equations with singularities cancelling the
source singularities in the eld equations. We are thus
lead to consider extended sources. This is interesting be-
cause doubts have been cast on the existence of static and
isotropic solutions of Eqs. (7) even with extended sources
[5]. To investigate this in depth, let us consider as source
4an incompressible uid of density  conned on a disk of
radius r
M











where p is the pressure and U






















and the remaining components vanish. Covariant conser-
vation of T










where the prime indicates derivation respect to r. Using
the dimensionless variable r^ = r=r
M
and p = p=, and the
dimensionless parameter  = Gr
2
M




































































) =   [ 1 + !   !p ] e
2 
; (24d)
where now the primes stand for derivation respect to r^.
Notice that there is no static and isotropic solution for
dust (p = 0), since then 
0
= 0 and this forces  = 0, i.e.,
 = 0.
With nonzero , the system of Eqs. (24), supplemented
with (23), is very complicated. For  = 0 there is a trivial
solution :  =  =  = p = 0. For  6= 0 the solution













































and very easy to solve. The solutions, however, become
more and more cumbersome as the order increases. Ta-
ble I displays the solution up to order 
4
, with the bound-
ary conditions discussed below. With the aid of programs
of symbolic calculus one can easily nd the solution up
to very large orders.
Boundary conditions are xed by requiring that , ,
and  be regular at the origin. This eliminates the singu-
lar solutions, which contain ln r^, and xes two integration
constants. The ambiguity in the choice of a reference sys-
tem and a scale for the gravitational interaction (G has
been arbitrarily chosen) is reected in the presence of
three more integration constants. They can be xed, for
instance, by requiring that at the origin the coordinate
system be locally inertial and  vanish. In addition, we
require that the pressure vanishes at r^ = 1. In this way,
the solution is completely determined.
Let us analyze the matching with the vacuum solution





. The boundary conditions at r^ = 1 are the con-






has a jump at






must also have a






must be chosen to




























are linked by Eq. (18b), the above
two equations are simultaneously satised since Eqs. (24)
guarantee that the following relation holds at the points

















Thus, the condition that pressure vanishes at r^ = 1 is
not only physically sound, but necessary to match with
the vacuum solution.
The matching can be made order by order in . In













5As a check, it can be seen that Eq. (19) is veried.
The solution up to order 
4
is displayed in Table I. The
elds  and  are positive and monotonically increasing
order by order, and the preasure is positive and monoton-
ically decreasing order by order, vanishing at the border
of the mass distribution (r^ = 1). This is in agreement
with intuition, since a positive preasure is required to bal-
ance the gravitational attraction. Gravitational collapse
is impossible since the uid is incompressible.
Up to order 
4
, the limit ! ! 1 gives (recall that






























where  = Gr
2
M
=2. On the other hand, we can take the
limit ! ! 1 of Eqs. (24). This forces 
0
= 0 and then
the solution with the boundary conditions previously de-







We see that Eq. (29) is the Taylor expansion of the exact
solution (30) around r^
2
= 0. Since r^  1, the expansion
will converge for  < 1. For nite !, the convergence
radius of the expansion in powers of  is an open question.
We can understand that the preasure is zero in the
! ! 1 limit by recalling that EGR in 2+1 dimensions
produces no force between separated sources. If we repre-
sent a continuous mass distribution as a continuum limit
of localized sources, we understand that the preasure nec-
essary to balance gravity is zero.
The eld of a static isotropic source in Brans-Dicke
theory in D = 2 has been obtained in [7]. It can be seen
that the Newton constant obtained from it agrees with
Eq. (15).
V. FINAL COMMENTS
We have seen that BDT provides a RTG in D dimen-
sions. In dimension lower than four, EGR is not a RTG,
and the new ingredient present in BDT, the scalar eld,
is essential to have a Newtonian regime at low energies.
The dynamics induced by the new eld contains all fea-
tures that one expects in a theory of gravitation, so that
it can be used to check phenomena such as gravitational
instabilities and black holes in the simplied context of
lower dimensional worlds.
In four dimensions, it is believed that a consistent
quantum theory of gravitation must contain, besides the
metric tensor, additional elds like the dilaton. It is re-
markable that in lower dimensions the necessity for such
new ingredients appear already at an earlier stage.
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12! + 15   (8! + 12)r^
2

















































































































TABLE I: Solution of Eqs. (24) up to order 
4
. The boundary conditions are described in section IV
